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Abstract Many materials show anisotropic light scat-

tering patterns due to the shape and local alignment of

their underlying micro structures: surfaces with small

elements such as fibers, or the ridges of a brushed metal,

are very sparse and require a high spatial resolution to

be properly represented as a volume. The acquisition

of voxel data from such objects is a time and memory-

intensive task, and most rendering approaches require

an additional Level-of-Detail (LoD) data structure to

aggregate the visual appearance, as observed from mul-

tiple distances, in order to reduce the number of sam-

ples computed per pixel (E.g.: MIP mapping). In this

work we introduce first, an efficient parallel voxelization

method designed to facilitate fast data aggregation at

multiple resolution levels, and second, a novel represen-

tation based on hierarchical SGGX clustering that pro-

vides better accuracy than baseline methods. We vali-

date our approach with a CUDA-based implementation

of the voxelizer, tested both on triangle meshes and vol-

umetric fabrics modeled with explicit fibers. Finally, we
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1 Introduction

Voxel-based data representations have become funda-

mental tools across numerous domains in computer

graphics, as well as medical and scientific data. Their

structured nature provides an efficient discretization of

3D-spaces which enables complex algorithms to pro-

cess geometric data systematically. Voxels have been

used in rendering for fast ray-tracing [1], volumetric

path-tracing [2], shadow computation and visibility [3]

among other applications.

Recent advances in neural scene representations,

particularly Neural Radiance Fields [4, 5] (NeRF ), have

renewed the interest in efficient volume representation

and rendering. While learning-based approaches may

offer impressive results, they often come with signifi-

cant computational complexity and a lack of desirable

properties like editability. More recent works, likeGaus-

sian Splatting (GS) [6, 7] and its ray-tracing counter-

parts [8, 9], offer different trade-offs between quality,

speed and memory use. Building upon these works, ap-

proaches like Radiant Foam [10], or sparse voxels [11]

have shown comparable or superior performance. The

combination of simpler analytic representations with

sparse voxel flexibility, as in SplatVoxel [12], is promis-

ing, especially for temporal coherence. While RAW data

has its uses, complex representations via distributions

enable higher information storage per voxel and easier

level-of-detail (LoD), also performing well in optimiza-

tion, as demonstrated by GS.
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Despite these advances, a significant challenge re-

mains in efficiently representing and rendering materi-

als with anisotropic microstructures—such as fabrics,

hair, and brushed metals. These materials exhibit high

sparsity (occupying a small fraction of the volume), re-

quire high spatial resolution to capture fine details, and

exhibit complex directional properties that define their

appearance.

To utilize voxels in rendering, vector-based prim-

itives such as points, lines, splines, triangles, sur-

faces, and solids must undergo a voxelization pro-

cess. This transformation can become computation-

ally prohibitive, especially for complex geometry.

Consequently, previous research has developed ap-

proaches that optimize voxelization for specific prim-

itive types [13] or scenarios, such as high-resolution

voxel grids [14], complex models [15], or image-based

data [16]. While voxelized volumes for rendering are

inherently sparse [17], microgeometry exhibits particu-

lar sparsity. Materials with fine-scale structures—such

as fabrics, hair, and brushed metals—present two chal-

lenges: they occupy a minimal fraction of the volume

while simultaneously requiring high resolution to cap-

ture their detail. This combination creates significant

computational and memory complexity that existing

approaches struggle to address efficiently.

To our knowledge, no prior method specifically ad-

dresses the GPU-optimized voxelization of complex

data in the highly sparse scenarios characteristic of mi-

crogeometry, despite the prevalence of such materials

in real-world applications. To fill this gap, we present

the following contributions:

– A novel voxelization method optimized for

sparse microgeometry. Our approach handles vari-

ous input primitives, including splines and sources

with textured orientation data, while maintaining

memory efficiency at high resolutions.

– A GPU-CPU implementation that maximizes

voxelization speed and memory efficiency through

strategic workload distribution, enabling processing

of highly detailed microgeometry that would exceed

memory limits with traditional approaches.

– SGGX-H: A novel hierarchical volumetric data

model for LoD rendering based on Symmetrical

GGX (SGGX) [18]. Unlike previous approaches that

lose critical directional information through simple

averaging, our method clusters and preserves direc-

tional distributions across resolution levels, main-

taining the characteristic anisotropic appearance of

complex materials.

We validate our approach through a CUDA-based

implementation tested on both triangle meshes and

volumetric fabrics with explicit fibers, demonstrat-

ing significant improvements compared to baseline ap-

proaches. Upon publication, we will release the source

code and render scenes.

2 Previous Work

In the following, we discuss current voxelization meth-

ods, the problem of representing and voxelizing micro-

geometry, and the state of the art in level-of-detail fil-

tering.

2.1 Voxelization methods

Before volumetric data can be used, it must be stored

in a format allowing both efficient storage and fast ac-

cess. Data compression is essential for high-resolution

volumes, making sparse representations the standard

approach. OpenVDB [19, 20] and its GPU counterpart

NanoVDB [21, 22] are the industry standard for voxel

data management, offering excellent performance for

both reading and writing operations. However, neither

framework focuses on minimizing voxelization time or

optimizing for specific primitives. Instead, they provide

raster-based voxelization methods for meshes that pri-

oritize storage density over processing speed, primarily

using CPU parallelization rather than fully exploiting

GPU capabilities for the voxelization process itself.

Instead, researchers have developed specialized ap-

proaches for different 3D primitive types, including

lines [23], triangles [24], polygons [25], and solids [26].

For more computationally intensive scenarios, Crassin

et al. [27, 28] pioneered GPU-based algorithms for vol-
umetric data generation. For a comprehensive review

of voxelization methods and recent advances, we refer

readers to the survey by Aleksandrov et al. [13]. Be-

yond simple voxelization, accurately storing complex

properties such as optical density, orientation distribu-

tions, or statistical data presents additional challenges.

While OpenVDB and NanoVDB support custom data

types, operations like down-sampling and interpolation

become problematic for these complex properties. Most

existing voxelization techniques focus primarily on den-

sity values, requiring significant modifications to effec-

tively capture and store directional or statistical in-

formation that is crucial for accurately representing

anisotropic materials.

2.2 Voxelizing and rendering micro structures

Rendering materials with micro-geometric details using

explicit geometry or high-resolution orientation and dis-
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placement maps presents significant computational and

memory challenges. These representations not only de-

mand substantial resources but also frequently suffer

from aliasing artifacts, making the efficient representa-

tion and rendering of micro-geometry an ongoing chal-

lenge in computer graphics.

Volumetric approaches offer a promising alternative,

with various specialized scattering models developed for

different material types, including microflakes and scat-

tering models for fabrics. Khungurn et al. [29] demon-

strated that accurately representing fiber-like materials

requires dedicated scattering models tailored to their

unique properties. We refer the reader to the survey

by Castillo and colleagues [30] for further information

about the different techniques used for cloth rendering.

Lopez-Moreno et al. [31] adapted the Lumislice [32]

algorithm for volumetric cloth representation in GPU.

Their approach deals with some of the problems of

fiber-like materials; however, it is not suitable for

LoD generation, as samples are generated directly at

the finer level, with simple averaging of multiple frag-

ments per voxel. This operation fails to preserve critical

orientation data, making accurate scattering simulation

impossible at coarser detail levels.

Our voxelization method addresses this limitation,

preserving orientation distributions across multiple de-

tail levels. By maintaining accurate directional infor-

mation even at lower resolution levels, fibers and tex-

tured surfaces can be rendered with less samples, using

various anisotropic scattering models while preserving

their characteristic appearance across different viewing

distances.

2.3 Filtering and Level-of-Detail

MIP-mapping [33] has been widely use since it was pre-

sented for textures LoD. Usually, the MIP-map data

is generated by linearly interpolating pyramid levels.

This approach works for some parameters like albedo or

roughness, but fails for alpha or orientation data (i.e.

normal or tangent maps).

Modifying additional maps can solve this issue.

LEAN-Mapping [34] has been used for real-time scenar-

ios to overcome the problems that arise from normal-

map interpolation. Gauthier and colleagues [35] ad-

dressed the issue of normal MipMapping with a neu-

ral approach, also showing that straight-forward down-

sampling of normal-maps requires changes in roughness

for each LoD. These techniques do not generate correct

input data, instead relying in the material to visually

fix the wrong appearance that the data generates in the

final render. It would be beneficial to obtain a represen-

tation of the material properties that is agnostic to the

material model, so different models could be used to

render such data without any modifications.

Mesh decimation has been used to generate differ-

ent LoD meshes that can be used to save space when

rendering complex. Commonly, these new meshes for

LoD are generated using either edge contraction [36],

vertex decimation [37] or vertex clustering [38] tech-

niques driven by some metric to measure quality of the

resulting mesh for a given LoD. However, these metrics

often failed to accurately represent all factors that influ-

ence LoD appearances. Recently, there has been major

advances in inverse rendering techniques (please refer to

Laine et al. [39] for an overview of current approaches)

that help generate new metrics that can account for fi-

nal appearance to drive mesh optimization, such as the

proposed by Hasselgren and colleagues [40].

Previous work in LoD generation has followed two

main approaches: either optimizing each level to mini-

mize memory consumption [41], thereby reducing over-

all asset size, or optimizing the rendered appearance

across the entire LoD chain [42], which often sacri-

fices coherent internal data representation. For fibrous

materials specifically, recent approaches have focused

on down-sampling volumetric data [43, 44] using ex-

clusively Symmetric GGX microflake (SGGX) distri-

butions [18]. This limitation prevents the use of ad-

vanced fiber scattering models [29], as the original di-

rectional data (fiber tangents, density) becomes insepa-

rably mixed with scattering information at each voxel.

Zhou and colleagues [45] follow a similar approach to

tackle the problem of LoD in big scenes using an Ag-

gregated Bidirectional Scattering Distribution Function

(ABSDF), aggregating different appearances for mul-

tiples objects in a single voxel. Such mixing restricts

material editability and constrains rendering to SGGX-

compatible shading models.

A special case for LoD generation are scenes that

include elements at both macroscopic and microscopic

level. Hybrid mesh–volumes methods have been pro-

posed to tackle this problem [46]; however, a mixed

representation introduces its own challenges for some

rendering techniques and require special-case handling.

Vicini et al. [47] proposed a non-exponential transmit-

tance model that handles this issue while relaying just

in the usage of volumes.

Neural methods have also proven to be useful in LoD

generation. Nevertheless, they either focus in geome-

try explicit representations, such as Signed Distance

Functions (SDFs) [48] or fail to properly capture high-

frequency appearances [42].

Our approach overcomes these limitations by

maintaining a clear separation between geometric/di-

rectional data and material properties throughout
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the LoD hierarchy. We preserve orientation distribu-
tion, thereby enabling the use of various anisotropic
scattering models while maintaining visual consistency
across detail levels. This separation also facilitates ma-
terial editing at any level of detail without requiring
regeneration of the entire hierarchy. Furthermore, our
method e�ciently handles the extreme sparsity of mi-
crogeometry through a parallel GPU implementation
that processes only occupied regions, enabling high-
resolution representation with manageable memory re-
quirements.

3 Voxelization for data aggregation

Traditional voxelization algorithms (Section 2.1) re-
quire multiple passes for the generation of LoD struc-
tures, specially for geometries with high variability in
local orientations, or surfaces with microscale data (e.g.:
tangent maps for anisotropic re
ections). Aggregating
e�ciently �ne sparse details into coarser blocks is a
complex task that usually implies rasterization and
�xed-size memory allocation for sub-block grids.

In this section, we explain our voxelization model,
suitable for high frequency sparse geometric objects
such as �bers, hair or thin planes with texture data,
and designed to process volumetric data into multiple
Levels of Detail (LoD), preserving as much appearance
information as possible.

The voxelization pipeline is shown in Figure 1. Our
model �rst samples the input 3D primitives, generat-
ing voxels only if they are �lled by, at least one sam-
ple, thus avoiding unnecessary computation for non-
occupied voxels. For each sample, we store as much data
as necessary for future rendering purposes (Section 3.1).
The generation of samples is di�erent for curves and
surfaces (Section 3.2), but the data per node is stored
and indexed in the same manner. Once the samples
are generated at the maximum sampling rate and de-
tail desired and stored as leaf nodes, they are gathered
and aggregated into coarser bounding voxel blocks, in
a multilevel hierarchical structure that is then used for
LoD generation. In our examples, we will use a three-
level multi-grid, with resolutions optimized for each sce-
nario and limited automatically by the samples gener-
ated at the geometry and the GPU memory available,
but additional levels can be considered depending on
the complexity of the scene. This gathering is computed
in parallel on the GPU, composing histograms of orien-
tation data (Section 3.4) and optical density for densi-
ties (Section 3.5) from the data stored at the leaf nodes.
Furthermore, since our memory consumption does not
depend of the grid resolution, it is specially suitable for

high resolution voxelization of sparse, detailed geome-
try with a low percentage of volume occupancy: thin
surfaces, hair, �bers, etc.

In Section 4, we propose a novel LoD hierarchi-
cal representation based on SGGX for rendering, that
leverages the data gathered at this stage. The results
are shown in Section 5.

3.1 Vertex map generation

The �rst stage of our algorithm is executed once per
input model (triangle mesh or spline collection in our
examples 1).

In this step, we generate a map to keep the relation-
ship between each sample of the primitive that we re-
ceive as input (triangle or spline), and the voxelization
nodes sharing same space. We store multiple indices per
node, referencing the geometric and material properties
of the object at that point, and the multilevel blocks
where the node is spatially registered. In practice, we
can map this identi�er to di�erent materials (BSDF or
Phase Function), for rendering purposes, or even para-
metric data to use in additional voxelization sub-steps
to expand the original sample in the node to �ner voxel
resolutions. For instance, we can store the nodes of a
spline representing the central axis of a yarn and a cross
section displaying the distribution of secondary �bers
at each node.

For each input model, we compute a global bound-
ing box (B (bmin ; bmax )) and maximum generation ra-
dius � (taking into account factors like maximum tri-
angle edge length, radius, or displacement distance).
Then, we move node data to GPU memory, where we
use the bounding box information to transform our
samples from global space to normalized coordinates in
range [0; Resolution) based in our input resolution for
�rst and second levels, and also our selected resolution
for the third level (8 voxels per axis in the examples of
this paper):

Resolution =
3Y

i =1

Resolution i (1)

P normalized =
P � bmin

bmax � bmin
(2)

P volume = P normalized � Resolution (3)

After this step, each node holds the following infor-
mation:

{ Translation : The position of the node represented
by three 
oating-point values.

p = ( x; y; z) 2 R3 (4)
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Fig. 1 Our pipeline process from sparse 3D vertices to LoD of voxels in representing 3D generated model. We generate new
vertices subdividing our original primitives, each of these vertices with all information needed to be processes in the GPU.
Our 3rd step gathers all valid samples already arranged in the corresponding voxel. Last, we process each generated histogram
per voxel (for orientation data) and generate our whole hierarchical structure for rendering.

{ Normal : The main direction of crimp o�set dis-
placement (splines) or face normal (triangles) rep-
resented by three 
oating-point values.

n = ( nx ; ny ; nz ) 2 R3; knk = 1 (5)

{ Tangent : The direction to the following node
(splines) or face tangent (triangles) represented by
three 
oating-point values.

t = ( tx ; ty ; tz ) 2 R3; ktk = 1 (6)

{ Properties ID : An identi�er for the corresponding
properties, represented by a 32-bit integer:id 2 Z32

Once the data is uploaded to the GPU in our desired
coordinate space, we run a parallel kernel to generate
the maximum number of nodes by �rst level block. Dur-
ing this process, we can also identify (and discard) the
blocks containing no data (invalid blocks). For this, we
check each control node using a distance function:

P block = Sblock � I block (7)

Cblock = P block +
Sblock

2
(8)

P relative = kP volume � Cblock k (9)

Q = Prelative �
Sblock

2
(10)

D = kmax(Q; 0)k2 + min (max( Qx ; Qy ; Qz ); 0) (11)

where we can use block size (Sblock ) and 3D index
(I block ) to compute the node position relative to a given
block P relative based on the position of the block itself
P block . P relative can then be used to compute the dis-
tance D to consider nodes that, even if they fall out-
side of a block, could still generate new samples that
fall within it (e.g., for �ber generation or triangle point
generation). Therefore, we consider any node that en-
suresD < � 2, where � is the maximum distance where

data can be generated (e.g: maximum yarn radius, max-
imum triangle edge length). Using this equation, we can
discard those nodes with distance lower than zero.

Once we know the maximum number of nodes per
block (level 1), we use that information to initialize a
CPU 
at array with space for this number per block
and an extra counter (Figure 1 left). Then, we use a
kernel to write for each block the number of nodes that
contain data (valid nodes) and the ID of the nodes. At
this point, we copy this mask to CPU to know which
�rst level blocks are empty and generate an axis{aligned
stencil, using the shape of the �lled blocks for later
usage during volumetric path tracing.

3.2 Sparse data sampling

After computing the array of valid nodes per block, we
can proceed to generate our voxel data. For this we run,
only for non empty blocks, three di�erent kernels that
will do the following:

1. Prepare initial nodes to interpolate.
2. Subsample the data.
3. Generate voxel nodes from new samples

The �rst step prepares nodes for easier computa-
tion of later steps. This step may reorder, duplicate or
generate additional data so later is easier to access con-
secutive (connected) samples. Our initial nodes may not
be enough to cover all space continuously at the desired
voxelization resolution. To avoid discontinuities we in-
troduce a sub-sampling step. Notice that, for higher
output resolutions, a higher number of sub-samples will
be required if the input is really sparse. The last step
generates samples from the interpolated new vertices
and stores them in a given voxel based on their 3D po-
sition. Additionally, this step can be used to further in-
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crease detail of the samples, adding texture based data
(3D or 2D) to modify properties of the nodes before
storing them in a given voxel (eg: Normals, tangents,
twist).

Per sample, we compute: a second and third level in-
dices, the node orientation (tangent and normal data)
and a single material index we can use to later ap-
ply di�erent spatially varying properties such as Phase-
functions or BSDFs for each node (Table 1).

Even though all steps may di�er somewhat for each
input primitive, the second step is particularly depen-
dent on it. As an example, for splines de�ned using
Catmull-Rom interpolation [49] we want to �rst de�ne
the whole spline from the 4 required points that we
store in memory, and then generate additional samples
along the shape of the spline using linear spline interpo-
lation. In case we use triangles as our input primitive,
our �rst step is easier since each triangle is de�ned in
our data-model by points that are not shared between
di�erent triangles. During the second step, we also gen-
erate additional points in the surface of each triangle.
We use barycentric coordinates for this sampling.

Since all of these steps are computed in the GPU,
relying on actual random sampling is not feasible. In-
stead, we use equally distributed samples based in ker-
nel indices. We distribute the amount of samples chosen
as input along t for later usual interpolation when vox-
elizing spline primitives, and the low{distortion map-
ping proposed by Heitz [50], modi�ed for GPU to avoid
branching. Additionally, we weight the amount of �-
nal samples to generate in each single triangle based on
their relative area to the biggest triangle in the model.
We show a comparison between the Naive method and
this approach in the Supplementary Material.

3.3 Sample gathering

Once the samples are generated, we move this data
to a grid-like structure, as done by previous meth-
ods [17, 21]. By saving just the last sample generated
at each voxel, in an asynchronous fashion, we avoid the
implicit ordering of draw calls that previous algorithms
su�er (multiple calls per axis) since we can order the
nodes in the GPU. Such ordering also facilitates data
aggregation, histogram computation, and further pro-
cessing.

Once our samples are ordered by second level block
ID, we use a kernel to detect the vector positions where
the ID changes, so we know where the samples for a
given block start and how many of them we computed.
Note that, since samples are the main data, the amount
of memory that we need to prepare for a worst-case

Parameters Type Bytes
2nd level index integer 4
3rd level index integer 4
Tangent data u{integer 3x1
Normal data u{integer 3x1
Material ID u{integer 4

Table 1 Required space for our initial information per node.
This data is used to compute the information that we stored
in the �nal leaf nodes (in our examples, the voxels at the 2nd
resolution level).

scenario depends on the amount of samples generated
instead of the voxel resolution. Even if the resolution
scales dramatically, we do not waste any memory in
empty voxels.

3.4 Directional data

Thanks to the per-voxel sample gathering described in
Section 3.3, we can compute a distribution histogram
for any directional data, such as normals or tangents,
at every voxel with density > 0.

While this histogram gives us a higher detail in-
formation for the underlying data inside a voxel than
a single direction, using this information for rendering
can be di�cult. Aside from the space needed to store
these histograms for each voxel, sampling a direction
from it (needed if we want to use the volume for volu-
metric rendering) is also computationally expensive.

To overcome this, we propose to �t each computed
histogram to a SGGX function [18], which is considered
a representation with a good trade-o� between com-
pression and quality for 3D orientation distributions.
Since SGGXs represent a spheroid{like shape, and can
be easily sampled, we can use them to encode the distri-
bution of directions in the histogram, using just 6 val-
ues. Furthermore, they are easily aggregated into new
SGGX distributions, which we leverage in the algorithm
presented in Section 4.

3.5 Density occupation and view dependent data

Many real-world materials can only be accurately rep-
resented using correlated media [51, 52]. Thus, storing
a single value for density data without any considera-
tion for the view direction, usually produces inaccurate
rendering results.

As a solution, we compute the probability of an
event depending of the view direction, using the �ner
resolution level in the voxelization (level 3), in a similar
fashion to Crassin et al. [28] we project the 3D voxel
block grid to a 2D grid. Samples are projected in the
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XY , XZ and Y Z planes using GPU shared memory,
and we store the projected position of every sample by
block, so we can obtain a value per axis, producing an
anisotropic voxel (Figure 1).

To compute occupancyO, instead of projecting the
data to the axis, we analyze the third level data, ob-
taining a percentage by dividing the number of di�erent
identi�ers by the amount of voxels in our third level of
voxelization, he nce computing actual density for any
given voxel of second level:

O =

P
v2 block3 hit( v)
Resolution3

3
(12)

4 Data post-processing and �tting

Our voxelization process ends with di�erent samples
per voxel, that we are able to use to compute an his-
togram of orientations. To generate the �nal volume,
we could store randomly one of them as the �nal value,
hence arriving at the same data that can be generated
with classic voxelization approaches. However, we can
use all this samples per voxel to perform an aggrega-
tion step and arrive to a better representation for voxel
values compared to a single random value/sample, also
easier to handle than RAW histograms.

For our pipeline, we focus in �tting this data using
a single SGGX distribution [18] at leaf-voxel level. Our
approach could be used to �t more complex distribution
instead, or even perform sampling using the raw data
from the histogram. We use the original distribution
presented by Heitz and colleagues without its phase-
function interpretation, since our only requirement is
to store directional data such as tangents and direc-
tional density information for later evaluation, with a
di�erent phase function model. By just storing orien-
tation directly by using SGGX instead, we are free to
use any material model later, using the frame de�ned
by our sampled orientation data during render.

4.1 Fitting to SGGX distribution

To generate our single distribution for the leaf-level
voxel we use the approach proposed by Heitz [18] to
�t arbitrary distributions to their SGGX distribution.
We compute the covariance matrixE for our orientation
data X :

X = f x1; x2; : : : ; xn g; x i 2 R3 (13)

E =
1
n

nX

i =1

(x i � �x )(x i � �x )> (14)

From this covariance matrix we can later extract
eigenvector (! 1; ! 2; ! 3) and their corresponding eigen-
valuesf � 1; � 2; � 3g, equivalent to the projected areas on
each eigenvector direction [18]:

� 1 = � (! 1); � 2 = � (! 2); � 3 = � (! 3) (15)

Using this computed values we can then get the SGGX
matrix S de�ning the distribution of the original his-
togram as:

S = ( ! 1; ! 2; ! 3)

 
� (! 1 ) 0 0

0 � (! 2 ) 0
0 0 � (! 3 )

!

(! 1; ! 2; ! 3)T

(16)

We can sample this SGGX distribution to obtain a di-
rection from the inner orientation distribution allowing
scattering functions that rely in tangential/normal ori-
entation to be used for rendering. Di�erent approaches
such as micro
akes/microfacets models can be used too,
re-oriented using the distribution stored at each voxel.

Our sampling process uses a similar approach as the
one presented by Heitz et al. [18] for the Visible Nor-
mal Distribution Function (VNDF). We modify their
approach by generating uniform samples in the whole
sphere, instead of the hemisphere, so our samples can
be projected from the whole space to the underlying
ellipsoid. This ensures that our samples get distributed
in the whole Normal Distribution Function (NDF), not
only in the VNDF subsection. When sampling SGGX
distributions for rendering, we use the VDNF as usual.
We also modify our �tting step to account for cor-
ner cases where all the input orientations align to al-
most the exact same orientation, hence, generating a
ill-de�ned SGGX. We use a uniform distribution to in-
troduce a small deviation to the original data so we
obtain a noisier but unbiased SGGX as output.

4.2 Density data

For density data, it is not trivial to encode directional
occupation using SGGX distributions, since occupation
does not �t a set of main axes, and requires multiple
evaluations of a given number of distributions that will
increase exponentially with the LoD selected. Moreover,
SGGX distributions are not normalized and the nor-
malization term has a non-closed form. While this lack
of normalization does not a�ect orientation encoding,
evaluating the area of the encoded ellipsoid for density
storage, requires this normalization factor, or at least
the scale of the ellipsoid volume.

Taking into account these limitations, we compute
LoD density levels with the same projection approach
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described in Section 3.5. We project nodes at the �ner
resolution level to the XY , XZ and Y Z planes, obtain-
ing a value per axis for the coarser level.

4.3 Storing data

Once we have computed the SGGX orientation distri-
butions, and LoD densities, we need to store them in
the �nal volumes that will be used for volumetric ren-
dering. Using GPU kernels, we store the main indices of
the SGGX matrix representing orientation data (S) in
the leaf nodes of the LoD pyramid (LoD 0 voxels), us-
ing the compact storage presented in the original work
(Equation 17) that expresses the parameters in linear
space, allowing the use of 1 byte per parameter, so each
distribution takes 6 bytes of space.

� x =
p

Sxx ; � y =
p

Syy ; � z =
p

Szz ;

r xy =
Sxy

p
Sxx Syy

; r xz =
Sxz

p
Sxx Szz

; r yz =
Syz

p
Syy Szz

(17)

For higher (coarser) levels we can compute new
volumes of larger voxel blocks using SGGX interpo-
lation [18] to aggregate voxels in a 2x2x2 structure.
However, joining all distributions into a single new
SGGX distribution produces a loss of accuracy, spe-
cially with highly anisotropic distributions. This inac-
curacy is increased with each interpolation, producing
very isotropic results, that will yield rougher scattering
at the rendering stage (See the naive SGGX results in
our Supplementary Material).

For better quality, we can use more than a single
SGGX distribution to represent this anisotropy, by ref-
erencing lower level distributions and using them to-
gether to sample the mixture of orientations. However,
such approach increases exponentially the number of
memory operations and samples in rendering time for
coarse levels. Thus, we propose an aggregation method
on top of the previous approach, merging similar distri-
butions so we control the storage needed to a maximum
amount of distributions per LoD block.

Our method retains the most relevant distributions,
even if they encode perpendicular orientations. In our
experiments, we obtained good results with a maximum
of three (3) distributions per level, which retain infor-
mation in three main axes, even if the data we want to
�t is evenly distributed. For density and occupancy, we
store the values computed as explained in Section 3.5.

4.4 LoD computation

Accurately representing a complex mix of orientations
may require more SGGX functions than we expect to
store in a volume. A simple workaround can be de-
signed to reduce their number to a single, represen-
tative, SGGX, by sampling multiple times each origi-
nal SGGX, concatenate their samples and generate the
end SGGX using the �tting algorithm described in Sec-
tion 4.1. However, as discussed previously, these distri-
butions tend to be highly anisotropic, and such sam-
pling produces a drastic information loss.

To overcome these problems, and to allow for a
more �ne-grained LoD calculation, we propose a sim-
ple aggregation method that progressively reduces the
number of SGGXs used to represent the needed di-
rectional data, whilst preserving more high-frequency
details than what could be accomplished using a sim-
pler aggregation method. We draw inspiration from
classical unsupervised learning algorithms in machine
learning and pose this problem as ahierarchical clus-
tering method [53]. In particular, we build a dendro-
gram of LoDs, by progressively reducing the origi-
nal set of distributions, as we illustrate on rightmost
part of Figure 1. Given a set of distributions DL =
f S1; S2; : : : ; SL g for LoD L, we compute the next LoD
L � 1 simply by aggregating the two most similar SG-
GXs at L . This aggregation method preserves all the
information present in the rest of SGGX distributions
and loses the least amount of information, as the two
most redundant SGGX are substituted by a single, rep-
resentative one.

Instead of computing the similarity between two
SGGX distributions by comparing their de�ning pa-
rameters (see equation 17), we compare the histograms
of their samples. This way, we compute distance be-
tween SGGXs in terms of the underlying probability
distributions they encode. More speci�cally, for each
SGGX Si at each L , we draw N samples, which we
bin into a histogram H (Si ). Using a probability distri-
bution distance function dist (d1; d2), we then compute
the distance between each pair of SGGX atL . We ob-
tain the two most similar distributions searching for
the smallest distance between each pair of histograms,
as described on equation 18:

arg min
i;j

dist (H (Si ); H (Sj )) ; where i 6= j ; Si ; Sj 2 DL

(18)

As we use a symmetric distance function
(dist (d1; d2) = dist (d2; d1)), this distance can be
computed only once for each pair of distributions (eg
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